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ABSTRACT
We obtain spherically-symmetric and R2-symmetric dyonic black holes that are asymp-
totic to anti-de Sitter space-time (AdS), which are solutions in maximal gauged four-
dimensional supergravity, with just one of the U(1) fields carrying both the electric and
magnetic charges (Q,P ). We study the thermodynamics, and find that the usually-expected
first law does not hold unless P = 0, Q = 0 or P = Q. For general values of the charges, we
find that the first law requires a modification with a new pair of thermodynamic conjugate
variables. We show that they describe the scalar hair that breaks some of the asymptotic
AdS symmetries.
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1 Introduction
The spherically-symmetric dyonic black hole of the four-dimensional Einstein-Maxwell-
Dilaton theory obtained by the Kaluza-Klein reduction of five-dimensional pure gravity
has some intriguing properties [1, 2, 3, 4, 5, 6]. The solution can be obtained by means of a
solution-generating technique, by performing a further S1 reduction of the four-dimensional
theory, which yields a scalar SL(3,R)/O(3) sigma model in three dimensions. Acting on
the reduction of an uncharged black hole with an appropriate O(1, 1) ×O(1, 1) ∈ SL(3,R)
transformation then yields the dyonic black hole after lifting back to four dimensions. One
can alternatively construct the solution by solving the equations of motion directly; they
can be reduced to a set of SL(3,R) Toda equations, which can be solved exactly [7]. The
generalization to arbitrary dimensions and for an arbitrary SL(n,R) Toda system were
given recently in [8]. In the extremal limit the near-horizon geometry is AdS2×S2, and the
mass is related to the charges by the somewhat unusual formula
M = (P 2/3 +Q2/3)3/2 . (1.1)
Thus the black hole describes a bound state of electric and magnetic monopoles with nega-
tive binding energy. Although the solution is not supersymmetric, the entropy S = 8πPQ
1
in the extremal limit can be derived from the attractor mechanism [9], which is analogous
to the procedure for supersymmetric solutions. In fact, the entropy of a general extremal
charged black hole in the STU model is given by the triality-invariant expression of the
form [10, 11] S = 8π
√|D(p, q)|, where
D(p, q) = 4[(p1q1)(p
2q2)+(p
1q1)(p
3q3)+(p
2q2)(p
3q3)−p0q1q2q3+q0p1p2p3]−(pµqµ)2 , (1.2)
where qµ are the electric charges and p
µ the magnetic charges for the four gauge fields. The
last term gives the contribution for the Kaluza-Klein dyon. The solution can be lifted to
become a D0/D6 brane in string theory, or a pp-wave/NUT intersection in M-theory.
In this paper, we consider the Kaluza-Klein theory with an added scalar potential. To
be more precise, the theory we consider can be embedded into maximal gauged supergravity
in four dimensions. Maximal gauged supergravity in four dimensions has an SO(8) gauge
group, which has a U(1)4 Cartan subgroup. In this paper, we set all except one of these
U(1) gauge fields to zero. The minimal bosonic field content then involves the metric, a
dilaton φ and the vector field Aµ. The relevant Lagrangian is given by
L = √−g
[
R− 1
2
(∂φ)2 − 1
4
e−
√
3φF 2 + 6g2 cosh
(
1√
3
φ
)]
, (1.3)
where F = dA. (There should be no confusion between the gauge coupling constant g
and the determinant of the metric.) The scalar potential has a stationary point at φ = 0,
giving rise to a supersymmetric four-dimensional anti-de Sitter (AdS4) vacuum, with AdS
radius ℓ = 1/g. If we set the gauge coupling constant g to zero, the theory is the standard
Kaluza-Klein theory obtained from the S1 reduction of pure gravity in five dimensions. For
non-vanishing g, the theory can be obtained as a consistent truncation of the S7 reduction
of eleven-dimensional supergravity.
Although the theory (1.3) cannot be supersymmetrised on its own, it can be “pseudo-
supersymmetrised.” In other words, by adding a pseudo-gravitino and pseudo-dilatino,
the Lagrangian can be made invariant, up to quadratic order in fermions, under pseudo-
supersymmetry transformations. This conclusion can be generalized to the Kaluza-Klein
theory in an arbitrary dimension, for a specific choice of the scalar potential [12, 13]. In
D = 4, 5, 6 and 7 dimensions, the pseudo-supersymmetry transformation rules coincide
with those in known supergravities in those dimensions, since the theories can then all be
embedded in the relevant supergravities.
In section 2, we present the local spherically-symmetric solution. It is asymptotically
AdS, and it contains three non-trivial parameters, characterising the mass M , and the
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electric and magnetic charges Q and P . It should be emphasised that there is no continuous
duality rotation symmetry in the theory, and so the generic dyonic black hole cannot be
simply rotated into a purely electric or magnetic one.
By looking at the asymptotic form of the metrics, we obtain expressions for the conserved
quantities M , Q and P in terms of the original parameters in the local metric. We then
investigate the thermodynamics, and we find that the naive form dM = TdS + ΦQ dQ +
ΦP dP of the first law is not obeyed unless one or another of the following conditions holds:
Case I : g = 0 , for general (Q,P ) ;
Case II : g 6= 0 , and Q = 0 or P = 0 or Q = P . (1.4)
For the general AdS dyons, we find that it is necessary to introduce a new thermodynamic
quantity Y and its conjugate X, so that
dM = TdS +ΦQ dQ+ΦP dP +XdY , (1.5)
in order to obtain a first law. We also verify that the product of the “entropies” at all of
the horizons obeys a relation that is in accordance with general results seen in other black
hole example, depending only on the quantised charges Q and P and the gauge coupling g.
In section 3, we take an appropriate limit to obtain the AdS dyonic black hole with a
flat R2 horizon rather than the original S2. The asymptotic form of the metric is then AdS
in Poincare´ planar coordinates. Again we find that the first law of thermodynamics requires
the introduction of the additional conjugate pair (X,Y ) of thermodynamic variables.
In section 4, we consider various limits of the AdS dyons. The extremal limit gives rise
to near-horizon geometries that are either AdS2 × S2 or AdS2 × R2. For the spherically-
symmetric solution, the “BPS”-like limit, which would give an extremal black hole in the
case that g = 0, now gives rise to a solution with a naked singularity. For the R2-symmetric
solution, the gauge potential vanishes in the extremal limit, giving rise to a domain wall
(membrane) solution supported by the potential for the scalar field. In section 5, we study
the lift of the solutions to D = 11, via the consistent S7 reduction.
In section 6, we investigate the origin of the thermodynamic pair (X,Y ) that we had
to introduce in the first law. By studying the asymptotics, we find that the fall-off of the
scalar fields breaks some of the asymptotic AdS symmetries, except in the special cases
enumerated in (1.4) for which the extra variables X and Y are not needed. We then employ
Wald’s procedure and obtain a scalar potential and charge, which are precisely the quantities
(X,Y ) that are needed for establishing the first law of thermodynamics. We conclude the
paper with comments in section 7.
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2 S2-symmetric Dyonic AdS Black Hole
In this section we obtain the spherically-symmetric dyonic black hole solution of the theory
described by (1.3), carrying both electric and magnetic charges. We shall first present the
local solution and then discuss its thermodynamics.
2.1 Local solutions and conserved quantities
We find that the Lagrangian (1.3) admits the following static solution
ds2 = −(H1H2)−
1
2 fdt2 + (H1H2)
1
2
(dr2
f
+ r2(dθ2 + sin2 θ dϕ2)
)
,
φ =
√
3
2
log
H2
H1
, f = f0 + g
2r2H1H2 , f0 = 1− 2µ
r
,
A =
√
2
((1− β1f0)√
β1γ2H1
dt+ 2µ γ−12
√
β2γ1 cos θ dϕ
)
,
H1 = γ
−1
1 (1− 2β1f0 + β1β2f20 ) , H2 = γ−12 (1− 2β2f0 + β1β2f20 ) ,
γ1 = 1− 2β1 + β1β2 , γ2 = 1− 2β2 + β1β2 . (2.1)
The solution is written in a form where the parameters βi that characterise the charges
enter in a symmetrical way, as was done in [8] for the g = 0 (ungauged) case. The charge
is purely magnetic if we set β1 = 0, and purely electric if instead we set β2 = 0. If we set
β1 = β2, the dilaton decouples and the metric becomes a dyonic Reissner-Nordstro¨m AdS
black hole.
For the general case, one must require that βi > 0 and γi ≥ 0 for it to be well behaved
from the horizon out to infinity. This implies that one cannot freely choose the ranges
of β1 and β2 independently. A different parameterisation, in terms of two independently-
specifiable quantities λ1 and λ2, is given by writing
βi = λ
−1
j (1−
√
1− λ1λ2) , i 6= j , (2.2)
The parameters λi can then independently take values lying in the range 0 ≤ λi ≤ 1.
Our construction of this solution proceeded as follows. We first considered the case
with vanishing gauge coupling constant, g = 0. This Kaluza-Klein dyon has long been
known. It turns out that the equations of motion for static black holes can be reduced
to a system of one-dimensional SL(3,R) Toda equations, which are completely solvable.
(See, for example, [7, 8].) The general solution contains four integration constants. One
of them is associated with a non-trivial scalar deformation and this has to be removed
since it either gives rise to a naked curvature singularity or else it destroys the asymptotic
flatness of the space-time. We adopted the notation of [8] in presenting the solution, and
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the parameters (µ, β1, β2) can be thought of as characterising the mass and the electric and
magnetic charges. An alternative approach for constructing the ungauged dyonic black hole
is to use a solution-generating technique. For g = 0, the S1 reduction of the Lagrangian
(1.3), after dualising the Kaluza-Klein vector to an axion, gives a non-linear sigma model
for the coset SL(3,R)/SO(3). Starting from an uncharged four-dimensional black hole,
and reducing it to three dimensions, one then uses the two O(1, 1) boosts in SL(3,R) to
generate a new solution which, after lifting back to four dimensions, describes the dyonic
black hole with electric and magnetic charges. This technique can be used to construct
rotating dyonic black holes, as first obtained in [6], but for our purposes we need only the
static case. The two O(1, 1) boost parameters δi are related to the βi we are using here by
1
sinh2 δ1 =
2β1γ2
(1 + β1β2)γ1
, sinh2 δ2 =
2β2
γ2
, (2.3)
There is no solution-generating technique available for constructing the solution in the
gauged theory. However, we found that having obtained the solution with g = 0, we can
simply replace the function f0 by f in the metric in order to obtain the solution in the g 6= 0
theory. This construction is analogous to that in other charged static AdS black holes in
gauged supergravities [14, 15, 16, 17] and in certain general classes of non-supersymmetric
theory [18].
The solution is asymptotic to AdS written in global coordinates. The mass can be easily
calculated using the AMD method developed in [19, 20], by studying the asymptotic fall-off
of the Weyl tensor on the conformal boundary (see also [21] for a discussion of the AMD
procedure for asymptotically AdS black holes in supergravities). We find that it is given by
M =
(1− β1)(1− β2)(1− β1β2)µ
γ1γ2
. (2.4)
The electric and magnetic charges Q and P can be obtained straightforwardly by integrating
the conserved quantities, giving
Q =
µ
√
β1 γ2√
2 γ1
, P =
µ
√
β2 γ1√
2 γ2
. (2.5)
Note that these conserved charges are independent of the gauge coupling constant g and
are the same as those given in [8] for the case g = 0.
For later purpose, it is instructive to study the asymptotic fall-off. To do this, we
introduce a new radial coordinate ρ, such that the metric becomes
ds2 = −hdt2 + h˜−1 dρ2 + ρ2dΩ22 . (2.6)
1In the solution-generating process it is necessary also to make a compensating U(1) transformation to
remove an unwanted NUT charge, and this results eventually in a somewhat awkward parameterisation in
terms of the boost parameters δi, which is why we prefer to use the βi parameterisation here.
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For large ρ, we find
h = g2ρ2 + 1− 2M
ρ
+
4(Q2 + P 2)
ρ2
+ · · · ,
h˜ = g2ρ2 + 1 +
3g2µ2(β1 − β2)2(1− β1β2)2
γ21γ
2
2
−1− β1β2
γ1γ2
[
2µ(1− β1)(1− β2) + 8g
2µ3(β1 − β2)2γ
γ21γ
2
2
]1
ρ
+ · · · ,
= h
[
1 +
3µ2(β1 − β2)2(1− β1β2)2
γ21γ
2
2 ρ
2
− 8µ
3(β1 − β2)2(1− β1β2)γ
γ31γ
3
2 ρ
3
+ · · ·
]
, (2.7)
where the constant γ is defined by
γ ≡ β1 + β2 − 8β1β2 + 6β21β2 + 6β1β22 − 8β21β22 + β31β22 + β21β32 . (2.8)
The scalar at large ρ is given by
cosh
( φ√
3
)
= 1 +
2µ2(β1 − β2)2(1− β1β2)2
γ21γ
2
2 ρ
2
− 4µ
3(β1 − β2)2(1− β1β2)γ
γ31γ
3
2ρ
3
+ · · · . (2.9)
The scalar φ vanishes if β1 = β2, and consequently we have h = h˜ and the metric becomes
that of the Reissner-Nordstro¨m black hole. (The scalar does not vanish for β1β2 = 1, which
corresponds to a naked singularity.)
2.2 Thermodynamics
In the previous subsection, we calculated the mass and the electric and magnetic charges
of the gauged dyonic solution. These quantities were determined from the asymptotic form
of the solution near infinity, irrespective of whether the solution had a regular black hole
horizon or not. For the solution to describe a black hole, the parameters must be restricted
so that the metric describes an event horizon at some radius r = r0. All the fields, including
the metric, gauge field and scalar, should be well behaved from r = r0 to r → ∞. The
horizon is defined to be the largest (real) root of the function f , namely
1− 2µ
r0
+ g2r20H1(r0)H2(r0) = 0 . (2.10)
Note that for g = 0, the outer horizon is simply located at r0 = 2µ, in which case the
inner horizon is at r = 0. For non-vanishing g, none of the the quantities βi, µ or r0
can conveniently be solved for in closed form. Furthermore, the surface at r = 0 plays no
distinguished role, and it does not correspond to a null surface.
The temperature and the entropy associated with the outer horizon can be obtained
using standard techniques, and are given by
T =
f ′(r0)
4π
√
H1(r0)H2(r0)
, S = πr20
√
H1(r0)H2(r0) . (2.11)
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The calculation of the electric potential ΦQ is straightforward; it is given by the time com-
ponent of the potential Aµdx
µ. The magnetic potential ΦP can be obtained by performing
a Hodge dualisation, which exchanges the roles of the electric and magnetic charges. The
magnetic potential is then given by the time component of the vector potential for the dual
field. Thus we find that the electric and magnetic potentials, which vanish at infinity, are
given on the horizon by
ΦQ =
√
2
β1γ2
(
1− β1 − 1− β1f0(r0)
H1(r0)
)
,
ΦP =
√
2
β2γ1
(
1− β2 − 1− β2f0(r0)
H2(r0)
)
. (2.12)
One might expect that the first law of thermodynamics should be just dM = TdS +
ΦQ dQ + ΦP dP , but, as mentioned in the introduction, this is not in general the case,
with the exceptions listed in (1.4). In particular, it does hold for generic electric and
magnetic charges provided that the gauge-coupling g is zero. This is to be expected, since
the thermodynamics of the asymptotically flat Kaluza-Klein dyon has long been understood.
(See, for example, [6].) For non-vanishing g, we find the first law holds only if β1 = 0,
corresponding toQ = 0; or if β2 = 0, corresponding to P = 0; or if β1 = β2, corresponding to
Q = P . In order for the first law to work for generic choices of the charges, we must introduce
an additional intensive/extensive conjugate pair of thermodynamic variables (X,Y ), and
modify the first law to become
dM = TdS +ΦQ dQ+ΦP dP +XdY . (2.13)
By solving for X and Y such that this modified law holds, we find that X and Y can be
taken to be
X =
4g2µ3(β1 − β2)
√
β1β
3
2
(1− β1β2)γ22
, Y =
√
β1 γ2√
β2 γ1
, (2.14)
There is actually a certain freedom in our choice of the functions X and Y . We can,
accordingly, replace Y by any function of Y , provided we then make the corresponding
appropriate adjustment to X. Although Y becomes singular when β2 = 0, the quantity
XdY vanishes and hence the extra “hair” does not contribute to the thermodynamics in
this case. In fact, it is easy to see that XdY has a zero contribution if either g = 0, or else,
when g 6= 0, if β1 = 0 or β2 = 0 or β1 = β2. In other words, XdY plays no role in any of
the cases enumerated in (1.4) for which the usual first law holds. We shall give a detailed
discussion of the significance of the X and Y variables in section 6.
We can also go one step further, and treat the cosmological constant Λ = −3g2 of the
asymptotically-AdS metric as an additional thermodynamic quantity like a pressure, with
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its conjugate “potential” Υ, such that
dM = TdS +ΦQ dQ+ΦP dP +XdY +ΥdΛ . (2.15)
We find that Υ, which can be interpreted as a volume (see, for example, [22] and references
therein), is given by
Υ =
r30
12γ1γ2
(
β1β2(−β1 − β2 + 2β1β2)f˜30 − 3β1β2(2− β1 − β2)f˜20
+3(β1β2 − 2β1β2)f˜0 − 2 + β1 + β2
)
, (2.16)
where f˜0 = 1− µ/r0.
If we define a thermodynamic potential
Φthermo ≡M − TS − ΦQQ−ΦP P , (2.17)
then we find it is given simply by
Φthermo =
1
2
(r0 − µ) . (2.18)
It does not explicitly depend on g and βi, a feature that appears to be a rather universal
for the general class of SL(n,R) black holes considered in [8]. We also find that the Smarr
formula is given by
M = 2TS +ΦQQ+ΦP P − 2ΥΛ . (2.19)
Note that, given the first law (2.15), the coefficient of the terms in (2.19) follow just from
the scaling dimensions of the thermodynamic quantities, and in particular, since Y is di-
mensionless, XY does not appear in the Smarr formula.
2.3 Euclidean action and free energy
We may compute the Euclidean action by using the holographic renormalization method
described in [23]. The divergences in the classical on-shell Euclidean action are removed by
the addition of local covariant surface counterterms. In our case, the renormalized action
in Lorentzian signature is given by
I = Ibulk + Isurf + Ict , (2.20)
where
Ibulk =
1
16πG
∫
M
d4x
√−g
(
R− 1
2
(∂φ)2 − 1
4
e−
√
3φF 2 + 6g2 cosh( 1√
3
φ)
)
,
Isurf = − 1
8πG
∫
∂M
d3x
√−hK , (2.21)
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and the counterterms take the form
Ict = − 1
8πG
∫
∂M
d3x
√−h
(2
ℓ
+
ℓ
2
R
)
+
1
48πG
∫
∂M
d3x
√−h
(
φnµ∂µφ− 1
2ℓ
φ2
)
. (2.22)
In the above equation, Kµν ≡ −12(∇µnν +∇νnµ) is the extrinsic curvature of the boundary
surface, with nµ being the outward unit normal vector. ℓ = 1/g is the curvature radius of
AdS, and R is the Ricci scalar of the boundary metric.
Using these counterterms, the renormalized energy-momentum tensor is given by T µν ≡
(2/
√−h) δI/δhµν , yielding
Tµν =
1
8πG
(
Kµν −Khµν − 2
ℓ
hµν + ℓ (Rµν − 12Rhµν) +
1
6
hµν(φn
ρ∂ρφ− 1
2ℓ
φ2)
)
. (2.23)
In cases where the boundary geometry possesses a timelike Killing vector, one can define
the energy of the dual field theory, which is equal to the energy of the black hole via the
AdS/CFT correspondence.
We parameterise the boundary metric as a foliation of spacelike surfaces Σ with metric
σab:
hµνdx
µdν = −N2dt2 + σab(dxa +Nadt)(dxb +N bdt) . (2.24)
The energy can be calculated by evaluating
M =
∫
Σ
d2x
√
σNuµuνTµν , (2.25)
where uµ is the the unit timelike normal to Σ. Evaluating this for the AdS dyon (2.1), we
recover precisely the AMD expression for the mass that we obtained in (2.4).
By definition the Euclidean action IE is given by the Euclideanisation of −I defined
in (2.20), and by standard arguments [24] this is equal to β (H|∞ −H|r0), where H|∞ and
H|r0 are the values of the Hamiltonian at infinity and at the horizon r = r0. Since our
electrostatic potential is chosen to vanish at infinity we then find
H|∞ =M , H|r0 = TS +ΦQQ , (2.26)
and hence we arrive at the result that
TIE =M − TS − ΦQQ . (2.27)
We see, in particular, that the thermodynamic quantities X and Y do not enter in this
relation.
It should be noted also that while the electric charge and electric potential enter in the
free energy on the right-hand side of (2.27), the magnetic charge and magnetic potential do
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not. We obtained this result using the conventional definition of the renormalised action
(2.20). One could always add an additional surface term,
Iextra =
1
16πG
∫
∂M
√−hd3x e−
√
3φ nµF
µνAν , (2.28)
which would correspond to changing the boundary conditions in the variational problem
from the case where Aµ is specified on ∂M to the case where instead Fµν is specified.
This would have the effect of removing the ΦQQ term in (2.27). (See [25] for a related
discussion.) This amounts to performing a Legendre transformation on the free energy that
appears on the right-hand side of (2.27), to a new energy for which Q, rather than ΦQ, is
held fixed in the first law. Note that the thermodynamic potential defined in eqn (2.17)
corresponds to a different Legendre transformation of the free energy in (2.27). This one,
however, could not be achieved by adding a surface term to the renormalised action (2.20)
that was a local function of the potential Aµ.
2.4 Entropy product formula
When g = 0, there are two null surfaces, located at r+ = 2µ and r− = 0. If we introduce
the concept of an entropy for each null surface, or horizon, as one quarter of the area of the
horizon, one can see that [26]
S+S− = 14π
2P 2Q2 , (2.29)
which is quantised and independent of the mass parameter.
Analogous entropy product formulae exist for all the SL(n,R) Toda black holes [8]. The
first observation of such a property was given in [27]. When g 6= 0 the metric function f has
in general four roots, each corresponding to a null surface. It was argued that a universal
entropy product formula should still hold if one considers the product of the entropies of
all null surfaces [28]. Indeed, we find that the result in the present case is independent of
the mass:
4∏
i=1
Si =
64π4
g4
P 2Q2 . (2.30)
This result can be obtained by noting from (2.1) that
S2i = π
2(r4H1H2)
∣∣∣
r=ri
=
π2
g2
(2µ − ri)ri , (2.31)
where ri is the radius of the i’th null surface, which is one of the four roots of f(ri) = 0.
Thus it follows that
∏
i S
2
i is expressible in terms of µ and the four symmetric multinomials
∆4 =
∏
i
ri , ∆3 = r1r2r3 + · · · , ∆2 = r1r2 + · · · , ∆1 =
∑
i
ri . (2.32)
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Since f(ri) = 0 for each i it follows that the ∆i are expressible purely in terms of the
parameters β1, β2 and µ on which f depends, and so
∏
i Si is necessarily expressible as a
function only of β1, β2 and µ. Comparing with the expressions given in (2.5), it then turns
out that when expressed in terms of Q and P , the product of entropies is independent of µ.
3 R2-Symmetric Dyonic AdS Black Hole
In the previous section we constructed the static spherically-symmetric black hole gauged
dyon. Since the solutions are asymptotic to AdS, there will also exist solutions whose level
surfaces, and horizon, are flat R2, or hyperbolic. These so called “topological” black holes
can easily be obtained from the previous S2 black holes by making an appropriate scaling
of the parameters, namely
r → ǫ−1/2 r , t→ ǫ1/2 t βi → ǫ βi , µ→ ǫ−3/2µ , dΩ22 → ǫ dΩ22,ǫ . (3.1)
Taking ǫ = −1 gives the black hole with hyperbolic horizon. The limit where ǫ = 0 gives
the R2 black hole, which is of particular interest because the asymptotically AdS region is
then written in Poincare´ coordinates, and hence is particularly suited for the discussion of
the AdS/CFT correspondence. The solution is given by
ds2 = −(H1H2)− 12 fdt2 + (H1H2) 12
(dr2
f
+ r2(dx2 + dy2)
)
,
φ =
√
3
2
log
H2
H1
, f = −2µ
r
+ g2r2H1H2 ,
A =
√
2µ
((r + 2β1)√
β1H1 r
dt+ 2
√
β2 xdy
)
,
H1 = 1 +
4β1
r
+
4β1β2
r2
, H2 = 1 +
4β2
r
+
4β1β2
r2
, (3.2)
In presenting this ǫ = 0 solution, we have made a further redefinition βi → βi/µ. This new
parameterisation is convenient because then H1 and H2 are independent of µ, and so one
can then solve linearly for µ in terms of the horizon radius r = r0, namely
µ = 1
2
g2r30H1(r0)H2(r0) , (3.3)
The temperature and the entropy then take the same form as in (2.11). Here we are, for
convenience, assuming that the R2 coordinates (x, y) have been identified to give a 2-torus
of volume 4π. One can take any other choice for the volume, with the understanding that
the extensive quantities should be scaled by the relative volume factor. We find that the
remaining thermodynamic quantities are
M = µ , Q =
√
µβ1
2
, P =
√
µβ2
2
,
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ΦQ =
2
√
2µβ1(r0 + 2β2)
r20H1(r0)
, ΦP =
2
√
2µβ2(r0 + 2β1)
r20H2(r0)
,
X = 4g2(β1 − β2)
√
β1β32 , Y =
√
β1
β2
, Λ = −3g2 ,
Υ = −1
6
(4β1β2(β1 + β2) + 12β1β2r0 + 3(β1 + β2)r
2
0 + r
3
0) , (3.4)
It is now straightforward to verify that the first law of thermodynamics (2.15) is again
satisfied. The Smarr formula takes the same form as (2.19) and the thermodynamic potential
is now simply
Φthermo = −12µ = −12M . (3.5)
The entropy product formula is the same as (2.30).
4 Limits of The Gauged Dyonic Black Hole
Having obtained the general solution, we may consider various limits of the parameters.
The most obvious one to consider is the extremal limit, for which the function f acquires
a double zero at its largest root. The near-horizon geometry in this case then becomes
AdS2 × S2, or AdS2 × R2. The procedure for taking this limit is straightforward and we
shall not present any explicit results.
Let us instead consider the “BPS”-type of “extremal” limit, in which we send µ to
zero while keeping Q and P finite. (We refer to it as “BPS” because this limiting solution
becomes supersymmetric in either of the cases Q = 0 or P = 0.) The limit can be taken by
using the the parameterisation in terms of λi introduced in (2.2), and defining
λi = 1− k
2
b2i
, µ = 2kb1 b2 , (4.1)
Taking the limit k → 0 in the spherically-symmetric dyon (2.1) we then find Q = b31, P = b32
and M = (b21 + b
2
2)
3/2, and
H1 = 1 +
4Q2/3
√
P 2/3 +Q2/3
r
+
8P 2/3Q4/3
r2
,
(4.2)
H2 = 1 +
4P 2/3
√
P 2/3 +Q2/3
r
+
8P 4/3Q2/3
r2
,
f = r2 + g2r4H1H2 .
The vector potential is now given by
A =
Q(4r + 8P 2/3
√
P 2/3 +Q2/3)
r2 + 4Q2/3
√
P 2/3 +Q2/3 r + 8P 2/3Q4/3
dt+ 4P cos θ dφ . (4.3)
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If g = 0, the horizon with the double root is located at r = 0, and the near-horizon
geometry is AdS2 × S2. When g 6= 0, the radius r = 0 has no particular significance, and
the singularity, corresponding to having H1H2 = 0, becomes naked. The mass and the
conjugate pair (X,Y ) are given by
M =
(
P 2/3 +Q2/3
)3/2
, X =
g2P 2Q2/3(Q2/3 − P 2/3)√
P 2/3 +Q2/3
, Y =
Q2/3
P 2/3
. (4.4)
The situation is very different for the R2-symmetric AdS dyon (3.2). In this case, setting
µ = 0 implies that the gauge potential vanishes, and the resulting solution becomes the AdS
membrane
ds2 = r2(H1H2)
1
2 (−g2dt2 + dx2 + dy2) + (H1H2)− 12 dr
2
g2r2
, e
2√
3
φ
=
H2
H1
, (4.5)
where the Hi are again given by (3.2).
5 Lifting to M-theory
The four-dimensional theory described by (1.3) can itself be embedded within the gauged
four-dimensional supergravity STUmodel, whose bosonic embedding as a 7-sphere reduction
of eleven-dimensional supergravity was given in [16] (see section 3 of that paper). The metric
reduction ansatz is given by
dsˆ211 = ∆˜
2/3 ds24 + g
−2 ∆˜−1/3
4∑
i=1
X−1i
(
dµ2i + µ
2
i (dφi + gA
i)2
)
, (5.1)
where Ai are the four U(1) gauge potentials, Xi are exponentials of the dilatonic scalar
fields (defined in [16])), and the four direction cosines µi satisfy
∑
i µ
2
i = 1. Writing these
as
µ1 = sin θ˜ , µ2 = cos θ˜ sin ϕ˜ , µ3 = cos θ˜ cos ϕ˜ sin ψ˜ , µ4 = cos θ˜ cos ϕ˜ cos ψ˜ , (5.2)
and substituting the scalar fields of our four-dimensional solution into the expressions for
the Xi given in [16], we find
X1 =
(H1
H2
)−3/4
, X2 = X3 = X4 =
(H1
H2
)1/4
,
∆˜ = H
1/4
1 H
3/4
2
(
H−11 sin
2 θ˜ +H−12 cos
2 θ˜
)
, (5.3)
and the four gauge potentials are given by A1(1) = A and A
2
(1) = A
3
(1) = A
4
(1) = 0. The
eleven-dimensional metric is therefore given by
dsˆ211 = ∆˜
2/3 ds24 + 4g
−2∆˜2/3
(H1
H2
)1/2
dθ˜2
+4g−2∆˜−1/3
[(H1
H2
)3/4
sin2 θ˜ (dφ1 +
1
2
gA)2 +
(H1
H2
)−1/4
cos2 θ˜ dΩ25
]
, (5.4)
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where
dΩ25 = dϕ˜
2 + sin2 ϕ˜ dφ22 + cos
2 ϕ˜ (dψ˜2 + sin2 ψ˜ dφ23 + cos
2 ψ˜ dφ24) (5.5)
is the metric on a unit 5-sphere. Here, ds24 and A are the metric and gauge potential of the
four-dimensional dyonic gauged black hole given in (2.1).
Using the expression in [16] for the 4-form field strength in eleven dimensions, we obtain
Fˆ(4) = −g
[
2
(H1
H2
)1/2
cos2 θ˜ +
(H1
H2
)−1/2
(1 + 2 sin2 θ˜)
]
ǫ(4)
−2g−1 sin θ˜ cos θ˜ (H−11 ∗dH1 −H−12 ∗dH2) ∧ dθ˜
−4g−2
(H1
H2
)3/2
sin θ˜ cos θ˜ dθ˜ ∧ (dφ1 + 12gA) ∧ ∗F , (5.6)
where ǫ(4) is the volume-form of the four-dimensional metric and ∗ denotes the Hodge dual
in the four-dimensional metric.
In the extremal limit, the metric ds24 becomes AdS2 × S2, which is the base space for
the fibre direction dφ1 +
1
2
gA. For an appropriate Euclideanisation, the eleven-dimensional
metric can be viewed as a foliation of Tp,q and S
5.
6 Thermodynamics and the Wald Canonical Charge
Here we shall return to the intriguing feature that we found when studying the ther-
modynamics of the gauged dyonic black hole, namely that the naively-expected first law
dM = TdS+ΦQ dQ+ΦP dP turned out not to hold except in the special cases enumerated
in (1.4). In general, we found that we had to introduce a new pair of thermodynamic conju-
gate variables (X,Y ) in the first law, as in (2.13). This is reminiscent of the situation for the
thermodynamics of black holes in conformal gravity [29, 30]. However, in four-dimensional
conformal gravity, the black hole solution [31] has an extra integration constant on account
of the higher-derivative equations of motion, and hence it is natural in that case to have to
introduce the notion of “massive spin-2 hair” with its associated charge and potential [29].
Our AdS dyon, on the other hand, has only three integration constants, which are related
to the mass, and the electric and magnetic charges. Thus, the quantities (X,Y ) must be
expressible as functions of (M,P,Q). This implies that it would be possible to redefine the
other thermodynamic quantities in such a way that a “standard” first law, with no X and
Y , would satisfied.
This can be seen most easily in the case of the R2-symmetric solution (3.2), whose
thermodynamic quantities are given in (3.4). In this case, we see that Y = Q/P , and so if
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we redefine
ΦQ −→ Φ˜q = ΦQ − X
P
, ΦP −→ Φ˜P = ΦP + XQ
P 2
, (6.1)
then the usual first law of thermodynamics would be recovered. However, these redefinitions
are rather artificial, since the electric and magnetic potentials are ostensibly well-defined
quantities with no apparent a priori motivation for such a modification. The situation is
even less clear in the case of the S2-symmetric solutions (2.1), since now Y depends on M
as well as Q and P , so the necessary redefinitions would require seemingly unmotivated
modifications to other quantities in addition to ΦQ and ΦP .
A more satisfactory explanation would be if (X,Y ) admitted a physical interpretation in
their own right, as a scalar potential and charge. At first sight this might seem problematic
since, as can be seen from the asymptotic behaviour of the metric and the scalar field,
discussed in section 2, the characteristic behaviour for generic values of (Q,P ) appears to
be the same as in either of the special cases P = 0 and Q = 0. And yet, the first law requires
the introduction of (X,Y ) in the generic case but not in either of these special cases.
In order to settle this, we can use the procedure developed by Wald [32, 33] to determine
whether there is some additional charge. Given the Lagrangian (1.3), one can calculate the
Noether charge associated with a Killing vector ξ. Following [32, 33], the conserved charge
takes the form
Qξ = Qgravityξ +Qemξ ,
Qgravityξ = −
1
16πG
∗dξ, Qemξ = −
1
16πG
(iξA)e
−√3φ ∗F , (6.2)
where iξ denotes the contraction of ξ
µ with a form field, and so iξA = ξ
µAµ. In deriving
this expression, we have chosen a gauge where LξAµ = 0. On the other hand, if we consider
the variations of gµν , Aµ and φ on the solution space, we can define a closed 2-form whose
differential, when integrated on the domain bounded by infinity and horizon, leads to the
first law of thermodynamics. As explained in [32], the integration of the closed 2-form
at infinity is identified as the infinitesimal Hamiltonian which generates the Hamiltonian
flow associated with the vector field ξ. The infinitesimal Hamiltonian corresponding to the
theory (1.3) is given as
δH =
∫
∞
(
δQξ − iξΘ
)
, iξΘ = iξΘ
gravity + iξΘ
em + iξΘ
scalar , (6.3)
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where
iξΘ
gravity = −1
2
ǫαβµνξ
αΞβdxµ ∧ dxν , Ξβ = 1
16πG
(gµβgαν − gµνgαβ)∇αδgµν ,
iξΘ
em = − 1
16πG
(
δ(iξA)e
−√3φ ∗F +ΨδF
)
, dΨ = e−
√
3φ iξ∗F ,
iξΘ
scalar =
1
16πG
δφ iξ∗dφ . (6.4)
Note that we are following the notation of Wald [32] here; the symbol δH is not intended
to imply that it is necessarily an integrable variation of a Hamiltonian H.
It should be noted also that we do not vary the gauge coupling parameter g here. In
the gauge LξAµ=0, it can be shown that d(iξA) is gauge invariant. Therefore iξA can only
be shifted by a constant under the gauge transformation. We fix this residual gauge degree
of freedom by requiring iξA|∞ = 0.
For our spherically-symmetric dyon, from the large r expansion discussed in section 2,
we have
h˜− h = ∆1 + ∆2
ρ
+ · · · , φ = φ1
ρ
+
φ2
ρ2
+ · · · , (6.5)
where ρ is defined by (2.6) and
∆1 =
1
4
g2φ21 , ∆2 =
2
3
g2φ1φ2 ,
φ1 = −2
√
3µ(β1 − β2)(1 − β1β2)
γ1γ2
, φ2 =
2
√
3µ2(β1 − β2)γ
γ21γ
2
2
. (6.6)
Taking ξ to be the time-like Killing vector ξ = ∂/∂t, we find
δH =
∫
∞
(
δQξ − iξΘ
)
= δM + Z , (6.7)
where M is the mass of the dyon given in (2.4) and Z is given by
Z = −1
2
δ∆2 +
1
2
g2φ2δφ1 +
1
4
g2φ1δφ2 =
1
12
g2(2φ2δφ1 − φ1δφ2) . (6.8)
Here we have set Newton’s constant G = 1. It is clear that Z vanishes if φ2 = cφ
2
1, for any
numerical constant c. Thus when β1 = β2 and hence φi = 0, or when β1 = 0 or β2 = 0, for
which φ2 = ∓φ21/(2
√
3), the quantity Z vanishes and the usual thermodynamics holds. For
generic βi, we find
Z = −XdY . (6.9)
where (X,Y ) are precisely the quantities introduced in section 2 in order to make the first
law of thermodynamics to work. The procedure above shows that the quantities (X,Y )
depend only on the asymptotic parameters and are independent of properties at the horizon.
16
The inclusion of a scalar charge in the thermodynamics was discussed in the context
of asymptotically-flat black holes in [34]. The details were rather different there, with the
scalar charge being a modulus corresponding to the value φ∞ of the scalar field at infinity, on
account of the different asymptotic behaviour in that case. In contrast, our solution always
has φ∞ = 0, the stationary point of the scalar potential. A phenomenon that is more
similar to the one we have encountered in this paper arose for asymptotically-AdS black
holes in conformal gravity [29, 30], where the infinitesimal Hamiltonian is not integrable
and the term
∫
∞ iξΘ leads to the inclusion of extra canonical pairs. In fact, the parallel to
[30] is stronger, since in [30] extra canonical pairs beyond the total number of integration
constants had to be introduced also.
In general the scalar φ approaches the asymptotic AdS as in (6.5), where φ1 and φ2 can
in principle depend on other coordinates as well, but are constants for our static dyon. There
are three types of boundary conditions that preserve all the asymptotic AdS symmetries.
The first two are either φ1 = 0 or φ2 = 0 [35, 36]. The third is where φ2 = cφ
2
1 [37]
(see also [38].) Interestingly, in all these three cases the quantity Z vanishes. Thus, the
quantity Z we obtained via the Wald procedure describes scalar hair that breaks some of
the asymptotic AdS symmetries.
7 Conclusions
In this paper, we constructed the static AdS dyonic black hole in four-dimensional maximal
gauged supergravity, where one of the U(1) gauge fields carries both electric and mag-
netic charges. If the gauge coupling constant is sent to zero, the solution reduces to the
well-known asymptotically-flat Kaluza-Klein dyon. Our solution can be lifted to eleven
dimensions, where it provides a new solution of M-theory. Since the four-dimensional solu-
tion is asymptotic to AdS, the gauged dyon provides a new background for exploring the
AdS/CFT correspondence.
An intriguing feature arises when we study the thermodynamics of the gauged dyonic
black hole. The naively-expected first law dM = TdS+ΦQdQ+ΦPdP does not hold except
in the special cases enumerated in (1.4). In general, we find that we have to introduce a
new pair of thermodynamic conjugate variables (X,Y ) in the first law, as in (2.13). By
examining the asymptotic fall-offs and employing the Wald procedure for calculating the
conserved quantities associated with the time-like Killing vector, we find that X and Y
describe the potential and charge of the scalar hair that breaks some of the asymptotic
17
AdS symmetries. This is the first explicit analytical example of a charged black hole with
neutral scalar charge in gauged supergravity. It may be that a more general four-parameter
class of static gauged dyonic black holes exists, where the scalar charge Y can be specified
independently of M , Q and P , with our solution being a special case where Y is a specific
function of (M,Q,P ). If such a more general solution were known, it could shed further
light on the physical meaning of the quantities X and Y , and the possible interpretation
of including an XY term in a Legendre transformation of the free energy. Since our AdS
dyon is a solution to maximum gauged supergravity and is dual to an N = 8, D = 4,
superconformal field theory, it would be of great interest to study the gauge duals of the
scalar hair.
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